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6.34¥Ruhe Uhlenbedis

fundamental Lemma remains true with
the saure constraints on a eudidean

ball of arbihnry radius ( be .
the Knorr

of 2- fours in 4 dimensions is conformally
invariant

. )
lt also remains time on balls with

mehric that is suff. E- dose to

the end. metic ( with slightlyadjuskd
constraints) .

Lemma ( cnrvatue is proper) : (et Bbeaead.ba/lletSK.k:--fA--f+a-eL? / § /FALKE,
II. ⇒

,
*a)⇒⇒ }.



Then F
"

: Sky, → [(B; ÄFBOADP),
A- FA

is paper .

Pf Assnme (Ai) is a sequence in Sky,
sit

. (FA;) is Cauchy .

Thea (Ai -- Fai)
Cauchy -Schwarz

§, / FA ; - FA,- THE S /dlai - g) F-
B

- S / (ai -ajhajtajdai-g.IT
B

¥ Sßlldtd)/ai-g-H-CHai-g.lt?;d*ai=d*aj--o
,

• (Kai/II. +Haji;)Hölder Ilfglliz EHE/Igh! ,
= :⑦

↳→ L "



Have IWF) Ab = #Ob + Ric /V.v) ,
where V c- TM is dual to b.

From this
,

one can show

§ / ldtd#Bf - ftp.bl?-Sx-bnd*bi2B
+§ /blz

In particular,

{ Hd+d) bi > {1%1 :

As last time
, § / Fbi > 1! /lbltüiß) ,

1^30 .



Heine
, by the Key Lemma from last time

,

we get

⑦ 7C , Hai - ajll;; - • CC} Hai
-

g-III. =

= (G- { (G) Hai - g-HÄ .

For {<< 1
,
Cz > ECEs

,
so we get

that (a ;) is Cauchy in [ (B) ☒

localcompac.tn/etrso&B
.
the ball of radius r in R

"

.

let MTB
.) :-- {[A] / FA:O & SIE / ' es } .

Br

By restiction
,

we get a map



res : MTB)→ M(Br)

for any
r < ^ .

Thmi For E small enough , res is

compact .
* :

Pff We want to use

F)- FA + * FA
proponess of the canature

map for conn . in Uhlenbeck

gange .

So
, given ([Ai);

in MTB) we want to

show that there is a sabsequences.tn
the Sequence of amateurs i l

'

- conueyent.

By Uhknbech 's fand. Lemma , we can chose

repr. of ([A;]) in Uhlenbeck
gange

&



these
repr.

will be uuifomly % - bouuded

(AA : -Mk:< c- 115,11, < &) .
Thais
,

there is an L ? - weakly convogentsubseqn,
c.all it (Ai) again ,

A ;
→ A

From this
,
we get

FA
;

↳ FA in [
.

If we can show that IIFA
;
/Ii → 11514

then by a general Kama from fuuct. analysis,
FA ;
±> FA

& we are done by proponess .



Weyl :

Rezi: A - conn
.
on SHK)xD

"
→B "
,

then GIA) :- - Str/Fan )
B

& HEHE = A) (⇒ A is ASD

lemma-C.SCA) = G- trfbndbt } bibib]),
zB

b- (A- f) Isis

PI If A ,
B are two conn . s.LA/zpi-BbB,

can glue to get can
. on the trivial

bundle
over S " & get

= (SLA# - B) = (SLA) - (SIB) .

i
Chern - Weil



Thies
, ↳(A) only depends on Atgß .

let Abe athe conn . on 5×-19^3×542)
t

53×10,1]

defined by the farm f + tb ,
BERTS ;adp).

Then by explizit calialation one shows

G trlfanfa) -- Str/bndbt } hihihi).
S35750,1]

By gling in a trivial bdle - w - conn
. on

B
"

, we get the Komeda for any conn .
on

B
"

.

☒

Back to our
sequence (Ai) :



By Fubini 's theorem theorem, there is some

M >0 such that for all i there is a

subset Ii c- [r „1] of positive measure

" "s!
-

Hai /gßg!in si is measuable

on Bg
(even inkgreble)for any

S ; EI; .

Sub sequence

Can choosevfst.tl called (Ai)) s.tn

II ; has positive measure & is

keine nonaupty .

We get uniform L? Bs) -

bouudedness of (a ;/
gßg ) for any SciFi

Now E. (JB) ↳ Erlös) is compact ,



so can chooseafurthersubsequences.tn

ailgßg→ abriss
[
%
- strongly .

Now
,
as all A ; are ASD ,

" FA://uip.gg = (SLA;) ?_?"

- S - trlaibisjdaib.si?saibjilaibiab.sB
.

SBG

Bat
,

bc
. a; c- Erlös) , da ; c- [„ PB)

(⇒ aindaic.li) , w (Ek) - E -7=-1
& 3.d)=-3 = wlli)

,

this is Ez - continuous
,
here



from ai /gßg → a /gßg % - shougly ,

we get
HFA.lt → HFAH.

Büßen : (Mai)/
ßg

in no longer

in Uhlenbech
gange , as * ai/

g.

f- ° in general.

But * aitgßs is still anal by continuity .

One then shows that there is a gange transformation

g : over Bs st .

1) giai is in Uhlenbeckgauge on Bs

2) g ; is
"

small
"

,
so gi

is in the

identity component of G



2) implies that cslgit;) = CSCAI) &

by 1) , pwe can use proponess of
canature

.

Landobeker :

Prof. A an Li -ASD-coui.AE//isuffieienHysmaK.Theifa-nLz-gaugetransformationg
s.tn GA E

.

Papi In the local anpacken thm
,
the

convoyeut sabsequence can actually be closer

up
to
gange

to
Converge in .



Uhlenbeckcompactnessthm-6cptl.ie
group ,

P→ ✗ a

principal 6- bundle over a smooth
,
closed

,

Riemann ian 4-mfd . (et (Ai) be a

Sequence of ASD connections on
P with

§ /FAPdvd = 8+4 ,
Gez

Then after passing to a subsequente , there
are

• fin . many point ✗
„→ xn

EX (n Ek)
• Übende P

'

→✗

•
a sequence of bundle isomophisms

gi
: Plan

,
-An]
→ P

"

/
✗Uni . . .in}



• an ASD conn . A on P ' et
.

giti → A

in CT over compact sabsets of

✗ Yin .
-An } .

P By Banach - Alaogln
,

there is a

subsequences.tn/FAifduolconuoges
as a measure

, i. e.

{FIFA; /
'

dvd→ ffdw
✗

for some bounded measure v
& all fc.CH .

Because { IFA; /
'

dvd = 8+24 ,

{du = 8+4 :



For s > o there are this at most

(E)

point which do not Iie in a geodesic ball

of v - measure ⇐ ü
. By the local compactuess

resalt & local E- Hoeness of the mefric on

balls to the eadidean mebic
,
we get a

Sequence of geodesic balls

{Bike IN

whoe SIFA
; /
'

doof Es ' for all ✗ & is> 1
Bin

& s.tn a
sequence of proper

sabbats

Bi ⇐ Bin still covers all of

✗ \ {✗a-An } .



For BIC Ba Use local canpacfnassesult :

Up to
gange , a subsequente of (Ai) converge

in L? (Bsi) . By taking a diagonal sequence
we get a sabsequence that

couuerges
in

all of the [ (Bi) .

Thea local
gangs

gia can be chosen in such a
way

that they patch togetker to give bundle

automophisms of P/✗*„„*} , i. e. can be

made to satisf, the equations

cfxß
-

-

Jia /Bin Bis
'JIÄ/Bin Bis

where
ysnß is the cocyck •btained by local



triuializations of P
over Bi (had !) .

By glueing Hase local bundles - with - connection
,

we get an ASD conn .
A on

P/✗in .
.
. .)

s -

t
.

giti → A

in O on cpf subsets of ✗Hin ,
- in} .

Now we creed :

Them (Uhlenbe.ch 's remouable singularitäten)

If A is an ASD - conn . wer 13420}

with 1%44,34%3)
< •

then there is a gange transformation g
over B " V03 & an ASD conn . A

"

on
B
"



st
.

GA = AYß "

(Analogons to remouable singular
-fies for

hdomorphie functions) .

Using this
, we proud the theorem

. ☒

Ruf 1) The change of gange needed for

remains the singular
-

fies will in general
affedr the got global topdogy of
the Gundel over ✗ .

This B why
P
'

from the thin is in general not

isomorphie to P



2) In facf
,
the measure u will

have the fom
h

IFA /
"

droht Eni Sx
;En

with nie IN & we get CIP
') -

↳ IP) - Enn :


