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Donaldsoisdiagoualizationtheoeml-hm-ID.ua/dson) × " closed
,
oriented

,
smooth

,

simply conn
.

with
ueg . definite

interaction form ( bitte) .

Then the interaction fans is standard
on

THX;)
,
i.e. there is a Z- basis

wrt which it is given by the

matrix - A-
.

We
pare

this theorem by constmcting an

oriented
, compact cobardism ✗→II EP!

⇐d-Hütte:-B
from the ASD modnli space MIX) .



For rest of lecture :
-

(et X be a closed
,
or .
,
smooth 4-mfd

,

P→ ✗ Salz) - päuc . bdle
,
E :=P × Q

'

SUN
,
can

.

& k : - -glp) .

Lel A be
any can out?

Dehne die :{1- + a / a.cl?lT*XoadP) }
& G, :-(closure of Anti in [

„
(Ende))

Au is a Hilbert mfd isom to ↳HÄH
Gu is a Hilbert ( ie group . Gu acts

smoothly on An . Regarding the quotient,
we have :

thui-B.edu/gn is Hausdorff . Lets >0

& SA
,

- {Ata c-An / DIE 0 , Hallig < c } .



Mein StabA) c- Gu acts sina.tl/yonSAie
& we have :

i) Thee is s >Ost . the
proj. A„→&,

induces a homeo

9-Übt) UED
,

when U is a nbrhd of [A) c-Du

DE - AEG (AI-- (irred.com)) has
the structure of a (

°
- Banach -mfd

with smooth atlas given by

G.
„

→D;

(note Hat Stab/A) = {± 13 acts trivial)



ii) The orbits of redacible connections in

Die are isdakd
,
the action of Stab/A)

c- {UH) , SUCH} is free on
the component

of A in SA
,

& the homeomophim

Stickstoff → U

is a diffeom on the comp
lauert

of [A] .

We are intoeskd in the
space Mu of orbits

of ASD connections in & .

let [A) e-Ma

be the orbit of an ASD can
.

Then a

nbrhd of [A] in Die is homeom.to

Stine/stahlA)
& the preimage of Un Ma



is SA
,

is

{Ata / der >0, Hak:< {FAI
.

dia +Haus}
AASD

= ¢-40) whoe

IfaDP)
d : N - {A- a /Halleys}-> ⑦

976dB '

1- +a- (
dia

dia + Elana])

t-redhdmmapsdefi.ltM
,
M
' be connected Banach mfds .

A smooth
map of : M- ' M

'

isfredhdw.itthe how
. of Banat spaces



Ddm : IM →Tun '

is Foedholm for all m c- M .
The iudex

of Dolan is then independent of m &

called the index of ¢ .

Papi (et MIM
'

be Banach mfds &

¢ : M→M
'

be a Frdhdm map .
Then for.

euey in c- M there are nbrhds Oofm
& 6 ' of d) & a cousin . diayram

0-10>6 '

a ! ! "
UFF → V. +06

(af)- (Lu , du , f))



whoe Uo
,
F
,
Vo
,
6 are Banach spaces , F, 6 are

finite dim with dim-T-diw.co = indo , 4,71
are diffeom .

onto open nbrhds of 0 ,Lisalinear iso &
✗ is smooth with do! -0 .

In particular , ¢-40) B homeom.to the peimage

of O under the Smooth
map

of iF-> <
, f.↳ do, f) .

Ruht In the above statement
,
we can

choose F- = kerdcfm & C. = coberdcfm

µ L as the resfr.ofd.fm to
any component.

subipace Uo of hodcf) .



We want to show that the
map

of : M →hör !

is Fredhdm
.

Its linearization is the operator
Diladp)

dito dä :Hadi)→ ⑦

→GdP)

It is not too had to see that this operator
is elliptic , using :

lewimai The
sequence of cliff - operators

(D) o-sfifadPEY%dBE.sk?Fo
1-1

( -2

is an elliptic complex .

Pfi As A is ASD
,
a- FI -- di. da



?⃝ = DA •d) ,
keine (D) is a complex.

Its symbol sequence at (× , 5) c- FX is

0-sadif-TEXoadf-sTTEXoadP.io
[(D)Kis) :-c s-Jos

w↳ 51W
[D , f) where 5=4
& it is an Exercise in linear algebra to

show that this siequence B exact at
any

51=0 ,
keine (D) is elliptic . Fü

This Lemma implies that di ⑤di

is Fredhdm (even elliptic ) with

her /di ⑧ di) -- HYIDD
& cokold#⑤ dä) -- HYIDD ⑦ HUD)) .



Using the Atiyah - Singer index theorem
,

one can show that the index of off④dat

equals
8calP) +3lb

,
H) -bi

-

A) +1)

We now have :

Thun (Uhlenbeck) : Let ✗ be as in Donaldson 's
Him

. For genetic mefrics an X
,
the map

dj :MadP) →I:(adp)

is sujectiue .

If A is irreduäble we ateady know that

HYIDD = Gerda = aberdi = 0 , so in this case

DE⑦ dat is sujecfive , 0 is a regnlar value



of ¢ & Aus [A) c- the has a nbrhd

that is a smooth submanifdd of BE of
din . index (DÄ ⑦ DÄ) .

whatab-red.be?
We shift our point of view dightly & ihstead

took at

Y : SA
,

→ R:(adp),

Atari data +Elana ]
"

H :Aron)
Then +

" (Un) n G.
„

= Y
-

Yo) is Stab/A)-

invariant & we get that a nbrhd of [A)c-Ma
is hom.com

:

to 4-%)/Stab/A) .



The lineaization of Y is

dat : herd;= TAG
,
•

→RICADP) .

From the dlipticity of (D) we get that
in dat is closed & that

• kadi /„erd#
= HYCDD

• coherdÄh,# = HYCDD

are fein . dim .
Hare 4 is Fredhdm of index

indKDD-d.im HYID)) .

By the statement on Frdhdm
maps,

there

then a smooth
map
F : HTID))→ HYIDD

& a
home

an
. 4=(9--4^11) NSA

,
.



The complex (D) is equipped with a Stab/A)-

action
, haue stablt) acts - on HYCD)) & HYCDD

& the Uuranishi map 4- can be chaser

to be Stab/A) - equiuaiant .

To identity this action
,
we note that if

with
;

P reduces to an 9-bdk Q
,
that L-Qg.CI,

we have

adp =P × suk) = (Q g. SUß)) x salz) -
SUK)
,Ad SUCH,Ad

= Qx salz) = III. ⑦ (
☒ 2

Ado(SL>Sulz))

bc
. writing iMac - suk) zu = (

i! g) +¥ :),
s
' acts trivially on (i! %) & by



(s , f: :)) ↳ (
° Sz) on

-57 O

the second . From this
, one sees that

HAD)) , HYIDD have non - canonical complex
str

.

wrt which the S - action B the
square

of the canonical circle action on EIHYID))

& E
"

= HYCDD (Note 5=5%+1}
acts canonical

, on H
"

,
H) .

For X simply connected
,
b ? (X) -0 ,

we can choose a mefric for which

HUD))-0, so in this case anbrhd

of d ieducible orbit in Ma B homomorphie
to E

"

/sei & diffeom.to Elst off the



Vertex
.

When h -1
,
the iudex of (D) is -5 .

Haue
,
at a reducible.luon trivial) orbit ,

bec
.

KHD)) -- R & we can assume HYID))-0
,

we get HYID)) = REE
,
so we get

Than For
gonoic metrics on X

, euery
reducible orbit in Ma has a nbrhd hauen .

to 6%1 = (one (EP) .

This homeom
.

is a diffeom off the vertex
.

"



whatredacibleorbitsaethoe.pro#The orbits of the educiblecoun.in

µ
,
/X) fer b. A) - bilx) --0 are

in 1- 1 - correspondence with

{

t-e-ctldx.pt/ei=-13TheTaubesmapThm:-
There is 7>0 & smooth

anbedding 14×10,1)-µ .

The Image of this map
is chaactoized

aa fellows , An orbit [A] lies in 14×(0/1)

iff there is a point ✗c-✗ & ageodesic
ball B around × of radius r < Ist .



{IFA/ zduol > 4+2
B

By the character-zation of im /Mxloit)) EM.

& the proof of Uhkubech compactness
we get that evoy sequence of ASD can . (Ai)

Str
.

the
sequence ([Ai)) is disj.int from

in /Milo, :D) has a subseguence that
coaverges

up to gange in c-

ouerallofXHeucewege.fi
Thun :

-

MMM ✗ (OA) is compact.

Now
,
kt [AB ,_ , [Aich. be the



redaäble orbits & Ne , .
-

/ Nn open ubrhds

homeom.to Gaelic PY .

Then

M-i-M.VMxloi.hu/Yu---uNn)
is a smooth

, compact 5-dim . imfd with

boundary .

( Donaldson ) : Ä is oriented
.

We get a smooth
,
oriented

, compact aabordism
Un

At :* → Leite !ÄÄ
F- n

Because bit) --0
,
we

rktkkiz-signlx-signfii-EP.IE/--



= Un - U2

In particular , the uambern.tn , of redncibles

mast be at least rhtldx;) .
On the

other hand
,
there ac exactly #{t-ec-Hdx.it/e?--BErkKdx;z-)reducibleorbits in M

.
.

We this get :

PMI For X as in Donaldson 's thm
,

rktldx;# =#E-ed-kk.AM?--1}

It is now easy
to see

, using only linear

algebra that this inplies that the interaction

from is standard



(Bach te indices Hzlx; #⇐e)⑦Get


