


flickr.G.cc What canwe

do with insfaeefous :

Donaldsoubfhm-A.lt×" is a smooth oriented
4- enanifold s.tk

.

qx : HH:El ✗ HH:&→k
(acs )→ Laub, [Xß

negative
is definite . Then 9×13
equiualeut Cover Z ) to
the diagonal pairüug

zb ✗ zb? → %

Ca . b) ↳ at i) b



la conhast

t-oeedyacisfl-i.tw
any symmetrie bilin .

meineodnler form q oooh

3- top 'e 4- ueauifoed ✗

(siiupey Connected) for White

9<=-9 .

Consejo: topf
There are Kearny

4-mani-

Golds which do not
advent a erwach Mucke



Other results:

* Bunkern koruology
3-spleens generals

e

subgroup ZTE ④§
(Fanta)

* Failure of the h -ab.
Ehm ch dein = 4
(Donaldson)
zuccrufablg

* 3- csehuihelg many
Mccook Mr.cz/R4CTanbes) false for all

IR
"
in# 4

* Properz - D -coujecave
(Kranken- Henrik.)
KES?

fuerKuch

K-1-0 7 inrqdnable

aep . Ed pqckl) → Shk)

of IPIGLEZ



* If Y# S3 is a closed
3-cufed, then I non -
Girod oep

'
n

E.(Y) → setz ,E)

(E)

Today :
- Drina -pal fibre

bundles
,
associated

vector bundles

- Connections

Source :

[HelgaBaum
: Eichfeld-

theorie ]

[Kobayashi
- Novize :

Foundations of Dill .genieß



1. Dviueipal fabre bundles

DE : Ket Gera hie
group . A smooth map

ü:P→M ( PM zueoon

euffeas )
is called a

pnrucipal fibre Gemahlen if

* G operator Greely ohß
from the night

i

and es transitive on

the fibres
(pg =p ⇒ g-- EEG

Greely) )

ftp.qc-TIYHI-gs.k.pg-q)



* A is locally trivial :

4-c-M 3- Läd U2 × and

a dilfeom & : IT
-'
(a)→UXG

s.hn
.

Ein/ k€6

µ, Counter

a

and & es G-eqceiu . :

Lf☒Cp) = (Hp),h) , then

④Lpg) = (Mp),hg )

Exercise : F adeuits a
global trioialisahon iff
IT:P→ M adeuits a

Secam s : M→ p

( i.e. Ios = ida ) .



Exogenes :

1
. Hopf bundles : s

" *

5-operation :

((zo , . . .

. Zu ) , G)⇒Gow, .. .,züw?
S"

es a free S? achon

and

a-:S
""
→ CIP

"

(Zo, . . ., 2-n) 1-3 [zo : .. _ : za]
is a principe S! bundle .

2. qaaf. Hopf bundles :

s
"""? {(go, . . .,a) c- HI

""

|
190ft - - . . + fqu /2--1}

S3 = {q c- At / Ig / = 1 }



S3acts on S""" in two

different way strom the nigra :

s
""? S3 → g.

4-+3

(Ga . . ./%) , g)↳Cgoq, . . . , 9ns)

Steht? § → Scenes

¢90, . . -Aa) , 9) c-> (9-90 , . .. /9-9m)

Then IT : S
"""
→ HIP

"

(go . - -, 9m) ↳ Ego: . . . _ : q]
es a principal S

}
- bundle

In particular
SIE> HIP

"
= S "

.



• Frame bundles :

If ESM is a

cpx
real wecker bundle
Carnitin of rankin
eendidcarc

.

PE = {Cena. . . ., er ) C-Ex. -✗E/
(la . . . , er ) es a

cpx
real basis @E
orthonoruaal

Alternative
uotahous

at the point
Fler ) = .. - = Fler/ c-M}

GECE)
Mas a

SECE) Gear,
UCE) G = Gear.IR)

OCE)
Ucr) aehm

OCHSOCE)
SWE) Gen, . . , er) , g)↳(Eaöjej,-,%

waere g-(g) Ägide;)for E ja



This tous

DE ± M 2ha a

free G - principe bundle
.

. Homogeneres Spaces
It c- G

closed %
"

FEE
Lee

SubgruppenG→ % es a

t- bundle



2. Associaoedbuudleszef.tt:P→ M be a mini.
G- bundle

Support Vcs a vector space

and G Is Autor) is a

group lernen .

Then

7✗V has a night
G- acan

Go) , g) ↳ Cpg , Kaj')v)
and
E- DEV : = F-%

Exercise : TT: E→ M
[A) im Tcp )

is a vector bundle



A- tautology :
Ea G- vector

brundle
G-Gauck)

GCE) seca.lk)
µ 0cal

,
Cdu)

G-frame
SOLL) , klug

bundle rank - r

Then
GCE) zur→ E

[(en. - ,er )
,
Cz
, .

. . .

,ZRB
↳ [Ziele.

es am essen . of wech . bundles



Fatherexample :
-

TM = Gear) sank
"

1-*M = Gea) ¥:@
"9

AM = Gear) × HÄ
Säüika

Exogene :
Tautologisch lehe bundle
over Cpu

H- {(e. 3) c-EP:-&
""

/
esel}

Then

H → L
es a

②3) ts e complex
like bundle



Ooh
IT: S2""→ ①pu

% : s
"
→ Auf(C)

2-↳ (S→ zk. })
KEK

Exercise :

H ⇐ gern:c
#
* ⇐ SZK"

§!

☒k ⇐ §"" ✗ggf
I
for k< O
this is

(A)④ 1kt



Devote ey = Lee algebra
off

Ad : G →

AutCG1gi-sChtsghg_JiuduasadsG-sAuECegjgts@Adg1e.eg
→ey

T@iG.ofAdgaf
EEG

adcp) :=P:S
'BT
(dachte : of→ Eudceg)

✗→ (Ytslxiis)
→

Liebradeet



B. Connections in principe
bundle
G→ P a principe

JE G-Solle

M
von al tangente bundle :

VTP :=Kerldä : →TM)

From the free G-actionwe

get a linear enap

ey → TCTP)

3↳ 3#

3¥-II (pet})
f-o µ
devotes the

Separeehol

cuap of G.



G-orbits

{
Obsooe :. 3# c- IPCVTD)

&
Exercise :c. Wendende by Rg
-

the night g-achon

VTP
,

#
ey

DRG ! Ladys
VTPPG
#

of comics .

2- [3,474=[3*74]
9 p

Zoe brandetLee bracket
of vector fieldsthey



Observation :
-

# gioes as a tooiali-
schon

VTPE Pxey

Def
"A connection is a durch )-
dimensional scebbuudle

4- C- TP s.tn
.

1. Hn VTP = So ?

2. H④ VTP = TD

3- DRGCH) = H Kgaa.

So a connection es adresse

of a comeplanen tot VTP

in TP
.

Olg : DIT/µ : It → TM is an

[Scheu
.



Def
"

If It is a connection

on D Es M , then we denke

the associated Connection

d-form

↳ c-Ä (P;ey)

by the Composition

TP
,
→ VTPP ¥Äg
PIK
T#H
psoj. parallel
Eo Haub VTD

Obsevü
•
„
(✗#-) = ✗

(by precious exercise and



Olsooe : #=

kerkqj.TP-seglfupposeotohthafwc-ITP.gr)
sahsfreswcxlt-g-XV-xc-y.Rgfw-adg-co.coKgeG
Then H- Kerker : →ey)w

as a Connection .

Obere : The two aczesh .
are inverses to each other

( Kerw
#
= H

and Wz
= w )

Typical / Neunte A fornotation Connection and Hq
or wg

to make explizit
its manifestation.



Def . ✗ c-DKP
,
V)

8 :G→ AufCV)

is called

•
„
horizontal

"
if

✗ (& , . . .Fsa) =O

as Moon as one of
Si is vertical

•
„ of types

"

of

R; ✗ = scgs: x

Notation :

→
bonus
(P; V)

for Moriz . fans of type S.



PCM; 14hDiop :
„
④Dgv)

sie
s.ua,

↳ ÄHM
; Agv)

w c- cö

es an esou
,
zrhve

% (Un, . . .,wa )
%, -ihre
c-FEM

÷ [p, W (31, _ . -13k)]

④ <Tcp ) = × auch

equiu. dttp (Si) = v; Hi ,
dass

Proof : lady of lifts :
in

pgvltdltpc.si/--dcTpl?!)
⇒ es; -%

'
c- VTD

W es koiz. =>

WC. . . . ?:) = auf . . . , }!, . . .)



ludep . of pe Ä
"
(✗ | :

because w is of Gyges.
☒

-

Suppose WA and WA , are

two Connection 1-fosns
,

⇒ WA- was c- Siad
,
EEG)

⇒ 3- ac-Faoe.ea.fi?og)
1-K

-

WA, = WA +°

Coudoesion :

spaceofafiaes.PT
connections Ofter
an = sie.ua?Pi9lP-s(=~ICM;adCPD



20.4.21

Recall : d :ein→•"
N

:

defiued by Ck>o)
•
des ohne

das (%
, . . . , 3k¥ So, . . .. },

"

k c-TAE)
= E.C-HIE WIE

,
-Ä

, . -Ä)i-o -

+[C- e)
"iwCEE.EE?I,...iE

,äaj

. . .is??...Bs )
when IT as a vector field
with 37×1=3, Seabrook

of
extension

^
: left out

( ch particular, for a 1-fern

iü%!ä%Y



Notiz

d does not in general
preserve I (P , V)

£hoiz

Example:
F- IR ✗R trivial R-

belle over

I Gfs ) IR

IR ¥ 2nd es

„
bundle zu

"

W = fG)alt is Lois
.

dw = ¥ dsrdt
es not Lois.

when 0%1=-0



If we have a connection

A-on the G-pr .
balle

@→ M with Koi .

sabbernde HA ,
dehne

for ✗c- ftp.V)

DAX - der opry
,

i.e.

(G)Bei . _.sk/--dX(pY+*7i-iPrH*3k)
.

Notice : DAX es horizontal

(www.orwotxhasbeeu)



Notice : x of types :G→Auto)
⇒ DAX also es

(because HA is Rg -
eseuariau)

Imperialer, geh

DA :Sher:p
V)

→&
"

Casas
(P; W)

Def
"
d#

es called the

eooariant deine fire of
the Connector At on P.

Der : d?-0 , but

du da -1-0 in general .



Def : DA desceuds to

Ssio.ci?-vt#s:IiAy-t------fszkCM;PxN)---&t....IEoyPsv
)

which we denke beg ÄA .

Dej : Get Erbe a vector
brundle . A euap

D: TEE-M)→ICE-M)
K

TAHOE)
sah>fyehg the Leibniz hehe :

☐(f-s ) = df ⑦s + f. Das

V-fc-BFMI.se MCE ) is

Called a
couaiacet derivation



Prod : Kef P → M be a
G-princip

at Louder and

8 : G→ Autor) , then

d-yj.FM#eV)-zRYM:Pxs4jsacooariaufderweGive
on the vector bundle DGV .

☒ s Cearaoel the definitions.

-



4.

Prägnant
:[ab] →Mti Knochen

oft! M peter ?

Hat

Suppoze A
is a Connection

on P, ne
c-
"

(Kal)

Then 7 ! Cuuisue) %:[a.b)→P
1.K .

%(f) E-#A)KE)
(Pf : dä: HAE> TM)

"
A

(Rewind : HA as a cplf

of VTD ein TP
,

which as

Rg - invariant)



Part : IT
-'

(Kay → Älter){ uns F- Lb)
i called parallel transport
of f wir. E. A.

Ep : . Parggtn-Pagit.PT?
• Dar! • Rg -- Pg • Darf

Because HA is Rg - invariant.. .#

Exercise : If Daft only
depeuds on the eendpcrsnf

of J, then the
bundle

P→ M es trivial and

A as the trivial Connection

( D= µ × G ← trivialarm.

es

*=p:*Tor
)



Hat: Drefiue a global sehn

by parallel transport .

By Pop
'
n Dorf desconcerto

Barge,A :{Etat
→ Ercb,

[pro]→ EBEN ,

on E- PgV.

Daft : Suppose D as a con.

der. on E→M .

Lef K [an]→M

be a smooth paff .
A

Secam s c- MCE→M) vs calbe

countdown along bit

(B)circa) -1-0 for all
c-c-[91]

(Rk : This a dir . egu for
I*s on ✗*E.→ Tait )



Du} also grins
a arnon

of parallel transport

Darf: Erco, → Era)
e is sold

if S is cou. Courant

along it and e = sltco))

Pep : Lf Ft as a are. derbehue
GEIßxpV from a come

A on P
,
then

P-arfit-A.ir?-T
i.e. the two unions coiucide .

If: Exercise class .



5. Graaff

Def" Get DEM be a

G- prima:p.
bundle and

A a connection on
D

.

Then

IA := DAWA = DWA ° Pka
is called the cervahve

of A .

Rezi: If ✗ es a- wfld

and H c- TX es ascebbunda
.

Then It as called iuoohhce

if Ey , }] c- A forallvechrhaddsyigc-PCX.lt)
.



Frobenius /then:
-

Locallg there are
sulzuauifolds Y c-✗

s.tn. TY= If iff
It is cinooeutioe .

dazu: IAEO ⇒ HA
ej ezeooluhve

.

¥ : Set?ze
TTP; AA ) .

7+6,21 = dwa-ES.LI/DeTog
EO

=3
.

y.wal@9V-azCL3zBzaGEees-__wACL-3.z
])

-1-0 iff [{üf has avertical



Component.
(because WA :/

up
: UTP→ Pxey

es antun. )
☒Prof:

Rafft =

adg-iRAPf-RJd.tw#--dwA0PryjdRg--dwAodRg
°

AHA
→ '

Fült
#

es

G-iuot = d RGW,+ - pH
bec

.

=

dadj.co#oprq*RgEg+thies
= adg-WA = adg -• 01A El



So ↳ c- Fü
.
•
(P;y)

Under Ahoi
,
<
ad
CD;of)

= sich; adIP))
"

we davon Pxaqof
the cheage

by FA -Ä

Dogg (Catan 's formula)

IA = daz+I [4+14]

(hybrid notationFor
[ , ] ④A )



¥. Check for RACEz) . . . .
3 , z Goth

vertical wederHelds
,

weog 3.=✗¥. z = Yp# .

Hts = 0
RAS
@WA +Zügig]KATHY

= deg-CXF.ee#)+EL-azCX*-kagfH--B(H -I Eat#-), WAG#B

+ä¥E
= - wa(☒43¥) +EY
= - [44] c- [✗4) =0



• One Lois, one Ü ← G-cvu.
vertical heiz life

✗# of VETICTM)

LHS --0
RHS:

dgl 5,4--24.4+4
- ×#WEE) -

wj-w://T.GL/&Ep--d-c-/d(Re-*lf---OFe*-=Ep
} bec

. ö is Gino
.

Ceoiz
. life

{ = 0

= 0

Erwähnt,##3--0



• bohr koiz .
wlog Eint (Rg - inch)

LAS :

↳ CÜ
,

w-t-dwqfo.io/=v-aE-f:-i-w-wE-!-w,+CEuTzT3)RAS-
:

Cdu#+IEA~wikv.no/--dw*CzEnT) + 0
EE



Prog: LEG ✗c- SCP; v)
S
,hviiz.

Then

DAX = da +8*6*1✗
→shwe hybrid notation

§ :G→ Aufl) for 8*+01
8*9 → Endor) in dernahe

¥: Just as with Canaan 's
fonula on

• vooücal/Mord
•
Genie (Loire

• vor /vor

RI Aero hinter
✗c-IEEE)

(E)^ a) (so . .. . . %)
k

= [C-NÄGEL}:))✗HÄ, .. .
E-o K )

-
-



Recall for any two com. AH

3- 1- fern ac-SKP.gg) an
9-es-
COOL.

WAS = ↳ + a -

Profi: ↳+ •
=D
#
+

dqac-I-L-ar.IE#aEtandEh-+a-IE4--a4--I
-daz +da c-ETWA - WA]

Rk :
Fort-tous. 1-1<[4+10]+3-171 WA]
✗^ B + ± [AHV
= -41 -ßnx

={[0*10]
=↳ + da because of

Hie Guadeef
+ [WA na] + 3- [are]

precious

E- →übt
+ data + & Erna]

Pop 'n
Et

5- ad#*
= E- , ]



1¥
" (Bianchi identity)

DASA =O

If: DASA (Ekd)
PEP"d# ts, g.b) + [9+4]

C? 4. d)
Erben 'sz d [4+14] (? ICH
formte

+ [war daz] (ZH)
+ [war I [4+143]%4

dranges Augen

= I Faculty] C. . . . )
-I [war daz] C- . . ..⇒
+ [war DWA] ( . . - )

+ I [WA ^ [9+14+3] C.. ..)



= ¥ [war [war weiß C-. .)

weg 3. y, J =
XF¥ z#

for ×. 4. 2- c- ey

= O because of

Jacobi Cs identity
[45%2-3] c-[Y, [7×3]

+ [I.↳Yß ⇒

El



Prog : For ✗c- Ihm.fi?v)
and A a connection on ß
we have

da-dat-g.CI#)-)Pro-of:PropirdAda-Xa--gaedldx-
8*4+114

c-8*4+4 (dx -0*0*1^4
= ↳ (dwa-I~t-k-EH-dx-SV.de

+ 8*4+319*4) in



AN
(WA ) 19*(9+1)<3.2)

=
*
Wa ) (B)9*(4+41)

-9*(4+41) 8*(9+9)
= [9*6*(3319*441)]
→

LeeGhadef
in Ehdcv)

= ↳ ( taz (Sl , 4-GB)
J
E- Lee = ↳(I [9+14])({ y)alg .
Lernen

⇒ Rascht follow from
Certain ' s formula



Last step :
→ = [EL.

JEP)

④*-WEH?)
= [ EX:X;] ✗v19' (E)
Sj -

= a. Es) 9. G)
-

✗ilz/ g. (3)
= [0*61,9+4]- [4+(214+6)]
= 2 [4+(914+4)]

Et



The awake of a

con
.
doiuatrze

D : PCEI →

PldFtM@E1csdefiaedGyRG.z) -139 -7 !
TT
of.

- ¥3
, y]

on M

Prof : G d- ⇒ a can on Egg
On Pg V we had get
a Covenant darinehre

DA induced from A .

Then

R"⇒
*
(FA ) Pxaaeg

"

when FA c-14M; adCP))
8€ : g→ Endor)



Exercise !

☒Netze:

AP -

F.⇒Qg
G

←
"

It

M G:O→ *
LS a

bundle bern Lee gnaep
Korn

.

of is called a bundle

map if

ftp.g/--fCp)4CgIV-pcg
.


