
E✗: a) Claire. Two smooth vector bdks

over a fin .

dim
. mfdÄÜ

"

are

isom
.

as
bdtes iff their

Ö (M) - modules are isom .

Smooth

Fade Everyv vector bdk
over it has

a compkenent, ie .
a vector bdle sit

.

the Whitney sum of the two is

trivial
.

Sterl ME) is a free - module

of rank u iff E is trivial with

fibre R
"

.

1¥ "Etüde
"

:

Any global frame en
,
. . .

/ en of F-→M

indnces the C- iso



ME) Es CTMY ,
Efiei- (f" . .

.

/ fn )
in

"

flEIfree-iEtriuialilet.es
,
. .
_

, en
E ME) be a

G- basis
.

Then for very me M
,
ehm)

,
-lenkt

constitute a basis of Em :

Assume e. c. Em is not in spanferkel, . . .
- . .

> lulm)}

Then H U be
a
nbrhd of m on which

E is trivial & Ief ß : M-> R be

a smooth fct.ir/pH--1,suppPc-U.

Then mr> ßlm) -e c-ME) is

a sedion that cannot be written as

a 1in
.

comb
. of en , . -in §



Now (et E
,
E

'

are arbitrary v. b over M .

If f. F- → E
'

is an iso
,
then f ? E)→ME)

is a - iso
.

Otoh
,
let

y : ME) ME
'

) be a Kiso
.

Chase a complimentary bdle Et ( F-⑦EEHTHRY.ltis
easy

to check that ME E) ±
± MEI ⑤ ME) & ME '⑦ E) ⇐ MEHMET

,

so get a
et
- iso

MEHMET) -- PIE ⑤Et) ME '
⑦ E) ⇐ HEHE)

.

By the first step , Et Et ± F-
'

⑤ Et &

this isom
.

tales E into E
'

,
so

F- ⇐ E
'

.

b) Claimi There is a canonical bijectiou
XP xsx) ⇐ {f :P→✗ / flpg) --SG ) Rp)}



whereit:P → M is
any 6-princ . bdk &

✗ is a get on which Cats via

g : 6-
>Autlx)

.

het s : M-> Pxsx ,
- →AHHH]

be a action
,
i. e. itfplm)) - m .

Define y :P
→✗ by glp) = ✗Hp)) ,

i. e. glp) is the element of ✗

s.t.sk/p))----lp,dpD] .

1) y is well -defhed.ie
. glp) is unique :

Assame [(Pin)] -_ [(pl)] .

Then JGEG sit
. pg =p

&SG) xz .

From pg =p & the feeuass of the G-
action get g- e

&
so ×,

= ✗
z .



2)

yis-eqiaiaut.sk/=Hp,ylpDJ---Kpg,xBiffyfp)--gG-YxbydefofPxX
⇒ yfpg) - ✗ = d) glp) .

→ Get map

ffpxgx) → { f:P→✗ / flpgtglgflp)} ,
Sir> Ys

Otoh
, for given y

:P→✗ with yipg) --slglylpl ,
H

sfq) c- Mpg X) be def.by

sly) (m) :-[fpiyfp))] when pet
- "(m)

By eqniuariauce ,
this is a well- detection

.

We have
Y
=

Ysly)
&



e. = Sts)

by constructions so the two
maps are

ibijective & inverses of each other .

E) : let p :
E→ M be avedorbdk

.

Chase open coueing {U ; / ick} of M

on which E can be tniialized (Efa
,

?4Ä,
Chase

yi : UIXR
"

Ely .

& set

Fiji UinUjxR-%E1q.nu?-sUioUjxR
"

.

Then iij is of the fam

Film ) - (iyyijlu) )
where

yij
: Uinuj → GIIR

"

)

Clain Such a tupk (yijillinllj → EUR4 ) ;;#



is induced from a vector bdk iff
the following hold :

• Hi EI : y;; = idiü⑦
• V-ijikc-I-iyiu-f.jo Yjk

(yij ) is induced from a v. b. Then

Yii
= yioyi

"
= id

"zu

& ein = (cfioyü ) = (ei - y;^) ofyjoyü) =

=

yijoilju

Otoh
,
let (y ;) Be a cocyde.ie . satisfy

⑦ .

sei ± :-#
"" ""Y !:?)a- u

'

c- Uinltj & )i;



with the quotient topdogy induced from the

disj.int union topdogy .
Set p :[

→ M
,

[lu , )] -su .

Then
p is a v. b. whose ass - coeyde wrt

{Ui / IEI} is (yij) :

A local trivialization of E -> M is given

by the canonical maps

U.int?--sp--yui)eiE!Ui+4)/
~
,

Inu )- Hui )] ☐

Ex1d) het E if be vector bundles
,
with

¥ ¥ Übers EnEV, EEW

both triuiakzed over {Ui / IEI} &



Id (y;) be the couple of E , tyi;) the

agile of F.
.

Set

Yij ☒ 7ijillinuj-C.IN W),
um> (vorwirftijlu) - Do

☒⑦ ijlu) )Claire (Yij 4;) ;; is a cayde

that is induced by a unique v. b. ,

which
'

we denok by E F.

PI that (y.jo/yij)isacocyde is trivial
.

Uuiqueuessi Assume 6
,
H are vector bundles

with the Sanne associated cocydeslyijoztij)
Then GEH bc

.
:

A) ⇐ {(si : Ui →Ü) ;; /siluiny.lu/---ffijo-4ijluI.sj/u;nykB
112



PHD
,

so by la) , AEG ☐

'

i) Haie lf E, F are smooth bdles
,

then there I a Canonical isom
.

ME • F) ⇐ME) MF)
ca

Pf If E & F are trivial
,
this

is der by G) .

If E IF are arbi.fm/,chooseEts.t.
F- ⑤ Et is trivial & Ft sit

.

Toft

is trivial
.

Thon ( E ⑤E) ☒ (F⑤F) ⇐ (E F) ⑤

④(F-☒F) ⑦ (Eta F)⑤(Eta F)
& we get



HE F) ⑦ME F) ⑤ MEH F) ⑤MEtoF)=

⇐NE⑤E) ☒ (F⑦F) ⇐ ME④E)go.PH/-oFY

⇐ (MEI:^) ⑦HEI;^)/ÄH:X) ⑤
④✗(E)§ MF)) &

one can check

that ME ☒ F) geb mapped into

ME )g. MF) ,

so FIEOF) E ME) g. MF) . ☐

(c.f. Minor - Stasheff,
Character'die Classes

,

ch
- 3)



Ex.de/-iTP-MF-F-pincipalbdk ,

g , 6->
AN)

, g
' :(→ 6kW)

Smooth representatives of C.
Set .

gcgj : C.→ EIN ow) ,

gr
> (vaw -> (SG) -Dating) -w))

( diagonal action) .
Then

chaim-Pq.fvowt-ligHHP-xg.hr) .
Pfi Chase

a couoing {Ui / IEI} of
M sit. Pfui ⇐ Ui ✗G via a action

gi : Ui → Plug .
.

Then all three of

Pxgv , Pxg , W ,
Px (Vaw) are trivialized over
909

'

{Ui / ie) & the ass . cocyiles are



fijiuinuj-FG-sc.IN)

4ij.Uinuj-FG-sc.HN
zij : Uinltj

6
'

Gkvcow) ,

It is obui.us that

zij-yijo~ijis.bydefinition Pjäjvow) -_ (Pz ) (Pöhl



Exekias'
→ S3

S
>
= £2

& SEE
S2

mitepxunbes

Here S
-

a S
}

as by
isometries

.

C-
, -7oz (sesquieiuear)

Inner product

give a Reim . ceeehic

Kek , -3¢ ) on ¢2 ,
which we rcshnzf to S3

.

Helen (Earl,*(ZIS){ = REECE ).cz ) >)



⇒ get a connection

by Taking orkrog .
component of VTP

#teziice 5.

TSIz.co,
= (zw)
for Oz

,WIES
}

Pfc Y a can through Lkw)

a-ZIEHE?
TEO = 1

= <Ko) , Holz +<Kol. ÜCOD
,

= 2 Ke (< Fco) . Ka>)
y

(zw)
Et



VTSJ = (i (z.w)) because
.

¥/ (Z,w)eit= i. (z,w)
€-0

⇒CUTS>HR in② is i -(

z.no#-Abooe--s(vTS3)'-RnTs3--&Ez.w),(ZcwD/-/R
R

& <⇐WIE
spät ¥((üiz), itü, -2=4

= ((ä ,-EDa



☒because

für, -E), Czcwß
= zu 2- - zw =0

So

HA-_@TsHsTS3--EEI.iEED
,

What as the connection

1-fow.UA?Ne-edstosahstyWA(iCz.wD---iH*l**---:0



4- = i KEHLE) , - Z)
wortes :

• WALCE)) = ikeKIEE!LEE
= i Hefe -(Ezü -a-ED
= 0

• Similer:

w
# (iKEI) =0

• WA (i (zw ))
=i Kef<i (zw ),:(ErB)
= i to ( EEG)
= i

.



der facf

↳ = i. Im (< (E), _ ))
es adif . expressen for
the sauce IR - valued

1-form.

In diff- fan zerfahren:

↳ = i Im (Edztürdso)

(RE

WA = Edz + üodzo

if restricted to TS?
but it's not an
IIR - valeed 1-fan
on TE
' )



EEG:

On S2
""

c- ¢2
es

s
>→ 5--1:p

☒pn
% (Zo. . . . .)

VTP
Czo. . . .. zu /

= (i (Zo. . _
.
2-↳

and

WA
= [ zidzi
E-o

= i Im (E) E. dzi)
and

H
#
= ( (Zo , . . . . , Zu


