


17¥ Lef ✗ be "äÄ closed
,
conn

.

,
oriented

4-mfd . Then SUR) - bundles over X

are complete ly detomiued by their second

Chen class .

GE If P→✗ is a principal
SUN - bundle

,
& A is a connection on

P with couture form FAERYX; adp)
then they I:) ¥ -[tr-TAN-i.BE Kkk)

dass

is called (red) second Chen dass

Moe general : Ulu) - bundles over a

finde dim
. wfd ✗ ae detomined by



htpy classes of maps

IX. BUH]

HYBUH.pt/--ZEn.-.icn3,ci-ctPilBUH)FEx:BUH)=ap-&
* (Epa) = 7- [×] ) .

If F-→✗ is the pallbauh of
the the tautdogical bundle

EUN → BUH

via frz : ✗→ BUK)



then
a- (E)⇐ FECI )

BSU(2) = IHR
,
HIP has a

(W -

Structure HIP :{pt} c- HIP :S
"
EIHP?

. .
-

with exactly one
de" in everydim.hn .

Now
,
X has a CW - structure with

exactly one 4- cell &
no bigler dim.ee/ls .

By cellular approxy

[X, IHP] = [× , IHR}

ix. s "}



Deute the 3-skeleton of X by ✗EX

→ ✗✗3=5
"

.

Using the CW - decomp . { PBES
"

& cell
. approx. get

[× , 3=[4×75]--4%9
The falter is EH via degree .

The Tautologien bdle over HP
"

is

isomorphie to the #- dual Ä of the

universal enbbundle AEIHFXIÄ def.

by A- {HI:) , ) / (G) c- p }



(et p
- EX :B c- IHR

.

Then projection
arte the first coordinate

slp) : Ap → IH

is a linear map
that depends sina.tk/yonp ,

so it defiues a action s of
Ä -

- Han
# 4,111)

Fad c. (F) [ IHR] -- E
✗Es-

(1)
E

whee s : IHR → Ä B a

fransuerse ( to the Zero secfiar) schon

s is trausverse & has exacfly one Zero
,

nanaiely [0:13 EIHP
"

.



Thais
,
Eff) [IHPJ -11

& then we get g. IÄ) #PDIELHPJ)
Now

,
/et E →✗ be an SUR) - bake

with dassifying map

FE :X → s " .

Then
↳ (E) = Fc, =#

PDKHPJt-degfr.EDU])

⇒ GLE) defomines the bundle
.

Möegmoa Hlu) - bundles over
4-mfds



are detomined by 4,4
(Steen d) "

Topdogy of
fiber bundles

")
A 4- dass

.fr/igbdlefrUHV%1d-sG%dA
" "

UK)/UM UM/UR) x)
Warming This is only True in dim £4

,

e.g. ifhoeisahomotopi.cat/yuontriv .

map
8-ss "

giving a uontniial SUK) - bundle {→s !

But ↳ (E) c- H
"(5) = {03 ☒



Papi (et ✗ be a closed
,
smooth

, conny

oriented 4- mfd .

& E-✗ a

UA) - bundle
.
let sehe) be the

bundle of face - free , skew - symm .

endomorphismen of E . Then

p.HU#--cdEY-4cdE).Pf:--Bydef.pnlsuloED:---cz(su(
E) *E) =

= - ↳ (Endo (E) =
in

= trace -free endomopkisms

= - czfEud.IE/ ⑦E) =



[c. (E) ÷ Zeile)
"

total chen class "

in

→ c. (E ⑦ F) = DE) u DF)

CK
") - 1 )
=- Cz (End(E)) =

=
- CZCECAE) i

lnhoduce the following i

Fomally wrik G- (E) = G. An ,)

when G; is the itk elementary symm .

pdynomial



[ If BTX is a cx v. bundle
,

Moe is a

space QE with

a map tpjQE-ES.tn.

1) HYE) → TFTQE)
is injech.ve

2) TEE splits as a direct

Sum of line bundles
,

TER -④ Li
F-1

"

splittrig principle
"

(BUK)
"

→ BUK) has this propety
wrt

.

the universal bundle )



Then X
,

- = c. (Li) &

TICKE) = G. (×;)

hdds exactly , ]
& set

chloe)

oxpxntexpxz-i.EE?-+E.E:cH*H;Q
)

This is called Chen character



Explicitly , using ↳ (E) = ✗ein ,

↳(E) =Xnxz
,

we compute

chlfc) --2 + c. (E) +? G. IET-2cal) .

This is

usefdbc.ch/E0E*)--chlE).ch(E*)(&ehlE+oF)=ehlE)+chlF
))

In our case
, using C ; (E) -(1) ie:(E),

we compute :



4 + c. IE E) + { G. (BOE)- ZskaE) =
= AleaE) = MIE)

.ch/E*)-=(2+cdE)+E(cdEY-2czlE
))) .

• (2+415)+16

.ES?2czF-D)p-HiHI--0foris4=4+(cdET-4cdE
)) .

Now , compaing degreewise, we first get

E. (EoE)⇒ &

then
-Cz (EoE) = Ifo -ZEHE)) =



= { LEGE ZIEGE)) =

↳ (E)
'

-4cal)




