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SW- equations (perturbed)
(Mg) closed oriented Riemannian manifold

or : MW+④4 → RICH
quadratic !

Nah = -Iggy, eiejteiej

( Kohl -¥1412
DIY =D, Fat -- ith + to

/ toleum I[ c. MW+④4
Dat :P14×04 → MCW

-
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roughly :(Clifford multiplication)° (spin
'
- connection)
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Brief Introduction to/ recapitulation of basic facts in

Hodge Theory ldim=H

⇐⇒→
(M
,g) closed oriented Riemannian manifold, let} ( local/ orthonormal fame,

pos. oriented

define:-./ * : stay →rt-kcmleih.ae"
↳ É""n

. . -
nei" if e"n

. -
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extend e- linearly to bundle isomorphism HMM→A-
"

TTY

e.g.
i * 7 = e'reine're 4 * e'net = e'net

* e' = einen et
etc

*2=1-11 " on K - forms,
• I C-

,
-3 :r4Mxr4M→ IR

(40 > = SMY.LI?-n, symmetric, bilinear & positive definite!
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-147

•Is : rich → A-YMI
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•)A=sd+ds. : NIM/ →RKCM) fc.e.TN/--:riCM1Af--geom-Laplacian"

Hodge - Laplacian
"

off

if Aw=O, w is called harmonic H°={constant functions)
call HIM :={wer"Mlsw=" {É¥É=1 ✓

theorem (Hodge) :
H
" (Milly -714M)

& I"lM1=H"CM1⑦dH"lMH= 714M/④dlrk-ymlltoscrkt.CM)

orthogonal wut C-, -7

fa-pph.ca/i-n:*A--d*, so * : 71
"
-771
" "

isomorphism

⇒ HIM
,-1121=-11-4M,- IR) )

self dual anti -self-dual
since *2=7 on NIH, splitting 14M) _- HIM/ ⑤ RICH/

*w=w *w= - w

get projectors P± :(w )=Elw±*w)

wt :=P+(w/ dt :=P+°d

since [*A]=O, [ P±,A]=0, so get splitting
714m¥ 7110411071:(MI

b+=dimHf b. =dimH?bi-bttbt.CM/=b+-b- . . . signature of M



Fundamental elliptic complex

O-srqiy-dryml-F.tl?fn1- 0 is exact

in particular :

|ke✓d+=lm+ M simply
1- connected



It IIp¥⇐
recall a) connections on G- V13 are affine copy of RTM,g)

a) L is UH = 50121 bundle
,
so connection 1-forms take

values in 5012¥" "

\ Tesocz) = so (2) Ii- IRi.

$7 !
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so connection 1-forms R'(M, i.IR/--i.RYM,/R)

We choose a
"

base connection " da
.

on L & define

it = { (da
.

- ia.tl/ac-rYMhYc-PlW,- ①4)
UH •

4111

the configuration space . Tight
Now g :={ g : M→ $ ' smooth ) is the group of gauge transformations

( UH- bundle automorphisms covering the identity)

gxt → t
'Gilda

.

- ia
, yl ) 1-> ( da

.

- iatgdlg -11, g-Y)



find global logarithm of any g c- G :

M simply
u
.
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fp=eiH connected

9*117 Keep*AHR

g
:
ii.→ $1
pou = ein = g

lift u f- logarithm plutei
"
=g) exists

for all g

⇒ action G ✗ it→ it takes farm

→ (da
.

- iateiudéin
, eiuyl-fdao-ilatduhe.in#-

Go :={go.ly/gCp.1-- 1) c- G for some f-✗edpo" the
group of based gauge transformations

"

G. acts freely on it ! ✓does not.ae
constant shifts

Ñ:
g , g. , µ,,

"
e- %+consH= da

t
constant gauge transformations



Lemmy (gauge fixing)
If M is simply connected then each element of B- has a unique

representative of the form
(da
.

- ia
, y) where Sa = 0

pf :
existence : enough to find function u c-ATH s.t.

scatdu )=Osac.RU/t-sAu--dSu+Sdu--Sdu=-8a( Poisson 's equation)

( 1,8A> = Cdl , a) = 0 ⇒ sat 714th
,
harmonic functions
(i. e. the constant ones )

Hodge : R°(M1= 719Mt ⑤ Away
⇒ Sa EARTH c⇒ sa = Au for some ueR°(MI ✓

uiniqueness : if (da. - ian , 4,1 & (da
.

- ia
, ,
4) are gauge equivalent

then If c-ITM) s.t.ae a. + df
& 89=0--89

⇒ da
,
= dai

M simply
connected

Han - ait
'
= Can - oh , oh

-

oh )= (du , an- a, 7⇒di"=d",gu,gf=⇒
an = are

Conseqieence: B- { (da
.

- iqyllac.NU/,YEP(W+xo4,8a--O)
¥1

vector subspace



actually want to divide out full gauge group

fy
Problems : G/go

± UH acts freely on B- except

on elements where 4--0.

quotient space B := Alg has singularities
at
"reducible " elements ( da

.

- ia
,
01

can excise these reducible elements

[ At := All Ida -ia.OYa.nu, → next talk

☒ :-. Hg. Bit := Atg
-

Def:( monopole moduli space)

M = { [Ait] c-D= Fg 11AM) satisfies SW)

My = {[AM] c-B l l-1,41 satisfies 4-perturbed SWJ

using the gauge - fixing lemma we see that Mp is the quotient of

Ño = { Ida
.

- ia
, y) c-NIM ✗MW,- ④41 ldtiiaixl satisfies 4-perturbed

SW
,}

8a=O

by the action of $
' =UM



i.it#-*---
Given E a smooth 041 or H1n1 V13 over M with connection on it

→ use LC connection to define connection

da on ④
"
THY E

for se PCE) : d"As:=( dao . . .co dats c-TT*M E)
F

p> 1 llsllp,k= ( fnflslptlldaslpt . . .+ Ida"sP]dV)%
This is a norm on MEI ¥F

unprovendaim_ : different choices of Riemannian metric, fiber metric on E,-

and connection on E lead to equivalent norms !

Now complete PIE) wrt 11- 11pm , call this space LF (E)

This clearly is a Banach space for all p & Hilbert for p=2 .



of-key.FI#functi-naanalysis(dimM-- 41
A) Sobolev embedding -1hm :

If k - Up > l then there is a continuous embedding
LICE) → CECE ) Cc sections of E

i☒) Rellich 's -1hm :

The inclusion LI+ , (E)↳ LI (E) is compact ftp.k

iF☒ ) Sobolev multiplication Thm :

suppose that k - Hp > 0. Then the multiplications

4. (E) ✗ 1%4--1→LICE F) are continuous

We say that (p, k) are in Banach algebra range

Fd¥☒ ) compact operators are an
"

ideal
"

in bounded operators

✗ A→y E) 2- B→W A
, B bounded

( compact

Then Aoc & COB are compact



Lemmy: If 1A, 41 is a solution to SW with 4 not identically two,
and

the maximum value of H1 is assumed at a point pen, then

Http) E- Is Cpl Moore
where s is the scalar curvature. ↳mma23,p+

ingredients :

• I use that 1141
'
Cpl 20

• I use 5W I andI & Weitzenbocks formula
( DIY __SAY +GY- E Enki,

ejlliei-ej.tl/icjIntevpretation:-
solutions to SW are bounded !

(M,g) pos. scalar curvature ⇒ no solutions



Key inequality; If D is a Dirac operator or ( Divac operator with coefficients)
then

Http,mEc( 11DSHp.ktllsllp.ie) CEIR

If D has trivial kernel then the llsllpi, term may be omitted

Claim :o) (Stolt) is a Divac operator ( with coefficients in Wt)

7 on M simply connected Stdt :NIM→ATM/⑦R'+ (M) (o)
has trivial kernel

pref : suppose 18in
,
dtx/ = (0,0)

by exactness of fundamental elliptic complex,
Imd = kerdt

,
so ✗= df, f- c-ICM)

but 0=8✗ = Sdf = (Sdtdslf = If
so f- c- 7101M) ⇒ f constant ⇒ ✗=df=0

☐

CO-mp.ae/-nessThm-: If M is simply connected, then for any choice of
self -dual 2-form $, the moduli space tip of
solutions to the SW equations is compact.



proof : need to show :

any sequence [da. - ia,jYj ] of solutions to SW

possesses a convergent subsequence ( in CT

having imposed the gauge condition Sa =D makes the SW equations
look like this

Dail - ia-4=0 Dail =iaY

{chat + 1¥ = next to } ⇒ { (dat = ahh +4 - Fai }
Sa =D Sa =D

LHS : 2 Dirac operators !

IyLemma_ : Yg bounded in 0 ⇒ Yg bounded in LP Kp

by (o) : llajllp, ← c- 114⑦dtlajllp, ± c- (ltrltjlllpot 11411ps,otHFAÑp,okÉ
⇒ ajc.LY Fp ⇒ bounded in 0 by Sobolev embedding

⇒ ajyj bounded in LP Kp

⇒ 114J 11pm ± c. ( ifjftp.otllYj/l.p,o)EillajYjHp,fEhowweb-ootstoap-:aj,Yjbounded in L? ⇒ qjrtj , atYj ) bounded in LP,
⇒ dj , Yj bounded in L1

in-geneua-i.llajllp.im Eclllstodtlajllpi. EE 114,1¥
HYJHpika c-

. .
. . .

EE Haj Yj 11pm



⇒ aj , Yj bounded in L1 Kak

⇒ by Rellich they have a subsequence that converges in L1 ftp.k

pf : :

LP} ) uh

l-P.in:& )
LP
, Ñu+ "i convergent

subsequence
LPO D u:

get sequence of convergent sequences un
"
in L1

→ take diagonal sequence
→ have sequence

that converges in L1 %k☐

⇒ by Sobolev embedding this subsequence converges in ce te.

☐
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